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TECHNICAL NOT=® NO. 797

THE ZND-PLATE EFFECT OF A HORIZONTAL-TAIL SURFACE
ON A VERTICAL-TAIL SURFACE _ L e

By S. Katzoff and William Hutterperl
SUMMARY s

The end-plate effect of the horizontal-tail surface .. ____ . ©
on the vertical-tail surface has been theoretically studied =~ "7
by derivation.of the flow corresponding to the conditiod of —
minimum induced drag and by solution of the usual liftinq—_“T;__J%
line equations. The results obtained or the two nethods
were considerably different, indicating that the condition )
of minimum induced &rag (unlform normal induced velocity) S
is not a close approximation to the actual condition. The
derived span load distridbutions are Ziven, together wifh TR
equations and curves for the total 1ift forces and the mo-
ments of the horigzontal and the vertical ~tail surfaces :
adbout the intersection. The results obtalned indicate e T e
considerabls increase in effectiveness .of the vertical :
tail. For example, the effective aspect ratio, in terms o
of the elliptical airfoil, is about 1.5 times the geoméiTic 7
aspect ratio for a tail group in which the span of the L
horizontal tail is twice the span of the vertical tail. T

INTRODUGT ION , e

k]
. I .3
- . — _ Lo

- . ST T e

The effesctiveness of the vertical tail is known to
be considerably increased by tae presence at its base of
the horizontal tail. In conjunction with the tail-surface
studies in progress at the NACA, a theoretical study has
been made of thais end-plate e*:ect for the Idealized case
of an isolated tail group (fig. 1). I

In the usual theoretical end—plate study (referances
1 and 2), the prodblem is. simplified dy. con81derinq onlv T
the case of minimum induced draz; that is, the case of o
constant normal induced velocity along the span of the -
lifting surfaces with zero normal induced velocity along T
the span of the end plate. By this restr*ction (reference

i ,,.r--.-. A+
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8), the problem reduces to that of the two—dimonsional
flow past a flzure which ropresents o cross section of1the
wake infinitely far downstream; in the present casse, the

Tigure is _l_ -shaped (fig. 2).

As will be shown, however, the condition of minimum
induced drasg is physically impossible, for it requires
that the end plate have infinite chord. Preliminary stud-
los having indicated that the corresvonding inaccuracy
might be considerrble when the nmeothod is applied to the
typienl tail 9roup, a more gencral method in which the
usual lifting-line equations of the momoplane airfoll wverse
applied was used to obtain a more accurate solution. This
method 1s discussed in part I; the method that assunos
nininum induced drag is considered ‘in part II.

STUBOLS
A vako cross secdtion
H, D dimensions of_J_. obtainod bv transformation
h span of- verticanl taill
d sonlspan of harizontalltdil
r ratio of veoertical-tail span to horizqntalvtdil fpan
(h/2a or EH/2D) o A
n a function of z”<= A - ral * 4r2>
S area
e canord
A aspect ratio
l 1ift peor unit length -
L total 1ift or cross-wind force
p air dengity
oy, 11ft coefficiont 5_5;;_'
= V 8

2
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M momsent =
14 " angle of attack .

a slope of 1lift curve (dGLh/dmo>

a, lslope of gection 1if% cufﬁe ) _;_j
v free—-stream velocity . L I
ﬁ 'induced,velocity _;
84 circulation per unit lengfﬁ (spanwise?) in vake _ - =
T bound circulaé;on _ __ .
X, ¥ coordinates of projection of tail group ) - :
Xys ¥y variables of integration _ | _ - - R
Complex variables: . . ) z ~ __é
z plane of _|  (x, ¥) -
¢ plang of unit circle (r, 8) N ' .:i - 1;
jo aunxiliary plans . _ 3
i "potential function (¥, ¥) e _:
Subscripts . ’ E
x poinﬁ on X axis - _;%
¥ point on Y axis s e =
h " vertical tail o S TLTE
d horizontal tail | ';:
e effective _ -
o geometric

i induced .;;
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JI. FINITE EORIZONTAL TAIL

Method

The angle of ‘attack of the verticael-tall surface is
assumed to be Gy 4dnd that of the horizontal-tall sur-
face (the end plate) is gero, the corresponding vortex
svstem being as indicated in fizgure 3. The bound vortex
at the base of the vertical tail divides at the-intersec—
tion and the two halves continue, with opposite rotations,
along the horizontal tsil.

The normel induced velocity wy at a point P (0.,y)

of the horigontal tail (fig. %) due to the trailing vortex
system is, by the Blot-Savart law, :

h . a
1 ¥ al'y 1 1 al'y
= _ F —
wx () 4 b/p yo + x,° dx, dxy 4t y, - ¥ &y, dTl
o -d (1)

Similarly, for the normal induced velocity Yy et a point
Q(x,0) of the vertical tail,

h

wy(x) = i 2 8 dy, + - dx,
4T 4 x° + y,° dr, 4m o x, -~ x dx,

2

(2)

From the relation bhetween thé bound circulation and the
effective angle of attack, two additional equations are
obtained:

o Cd_

Py(r) = 2228y (y) @
Mhix) = Eoech [V&b + wyix)J' (4}

Derivation of the span load distribution for any glven
case involves the simultaneous solution of equations (1),
(2), (3), and (4). The most practical method found for
offecting the solution was a graphical method of succes-
sive apnroximation. A distridution of T'y and Iy 18

.~
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assumed and the operations of equabtions (1) and (2) are
performed for a number.of values of 'x and of y %o find
the normal induced velocities we(y) and wy(x) at these

points. Substitution of these values in equations (3) and
(4) 1eads to a span: load. distrlbutlon thet, in general,
differs from the assumsed aistribution.' The differeénce be-—
tween the tyo. distributions will indicate what ‘changes '
should be made in the assumed distribution jo make the

corresponding - derived distribution agree more closely with -
it." In the application of this method the proceéss way ~ . -3
found to converge very rapidly, so that very little addi- N
tional compubtation was required after the first or the o
second approximation to get accurate agrsement. -
, Besults . _q; o ‘;

Span load distributions were calculated for tall T
groups’ in which the horizontal and the vertical tails are =~~~ %
of elliptical and semislliptical plan form, respectiveiy' =
and have the same maximum chord. The value of ay wag TR
agssumed to be 5.3 per radian, The results are shown in - S
figure 4 for varlous aspect ratios and for various ratlosv;;r;fgi

of vertical-tail %o horizontal-tail ‘span 7. = I
At the intersedtion of the two talls, the slope d? tBeﬂ
span load curve is positive for the vertical tail and (nev~
atively) infinite for the norizontal tail. This arrange= "~ "~
ment can _be shown to e the only one conslstent with the _
condition that the bound vortex at the base of the vertical .
tall divides into two equal parts and continues slong the two
halves of the horlzontal ta*l with opposite rotations. e
e = LITUE
The total ll?t forces on the vertical tails were ob-~ -
tained by integration of the curves of figure 4. From ~~~
" thess integralsg were derived values of the effective as-
pect ratio 45, that is, the actual aspect ratis of an 7 —
elliptical airfoll having the same lift—curve slope, ac- T
co¥ding to the sqguation B

—C~L=a—a (1—._—-8.0
. ._O - .a’o +7’-‘Ae

The results are summarized in figure 5, where the
ratio A /A is plotted against “for variots'valﬁéS“df
&.- The curve for the coundition of ninimim induced drag, =
which is derived in part II, is included in the fidurs.
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The moments of the horizontalend the vertlcal-tall
loads about the point of intersection were also obtained
from the espan load distributione; they are plotted in fig-
ure 6(a). The horizontal-tail moment contridutes appre-
clably toward reducing the resultant moment. The reéesult-
ant rolling moments about.tho intersection are given in
figure 7(a). For comparison the correspvonding momont
curves for the minimum induced-drag condition, which are

. derived in part II, are Sivensin Tioures 6(b) and 7(D).

II. TAIL SURFACES OF MINIMUM INDUCED DRAG

- Ag stated in the introduction, the case of the tail
having minimum induced drag is solveé wher the two-
dimensional flow past a _!_ ~shaped Tisure (fig, 2) is de-
termined. The tangential -velocity distribution at such a
figure determined the bound vortex system of the tail,
which in turn determines the 1ift distridution.

The Flow Past a _l_ ~Shaped Fizure

ggfline of method.~ The potentiasl Ffunction of the

flow past a _l. -shaped figure can be derived from the

knowh potential function of the flow past a unit circle
b means of the function that transforms the space. arocund
the circle ({-plene) to the svace around the 4 Is=plaac).

The transforming function z = F£({) must satisfv the fol-
lowing conditions:

g

(a) As Q_.traces the unit cirecle, =z traces
t+he _f_
(.b) Lin z. = g
f—o

(e) TFor all points outside the unit circle, the
transformation is one to one and conformal.

The function =z = F({) can be derived in three stevs:

) 1. By meane of a Schwarz-Christoffel transforma=-
tion (references 4 and 5) the real.axis of an auxiliary

P~plane i1s transformed -into the ;l.-, the upper half

L4
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of the p-plans going into the region around the l
(the z-plane). 3 _ T

. 2. By the known. function
+ - - . S
t = 2___1 S | . (B)
the real azis of tae p—nlane is transformed 1nto the
unit circle, the upper aalf of the p-piane going into
the region .outside the unit circle (the’ L-nlane)

3. ”he elimlnaulon of p from these tvo Iunc—

tions 3ives the desired transformation. - _ R

rangformat‘on of .the p-plane to the z—nl - By

the Sd¢hwarz- Christoffel theorem, the resl axis of thg p—”
plane is transformed into a ,L_ br thé funciion whose

dorivative lg

B Wa

- —— - -

o - N - -2
g = Ka(p-uy) (p-uz) e oe(p-8) (p-4) Lo (8)

where U,, Bgy » +» « are the exbterior angles of the 1
(fig. 8), measured positive counterclockwise; 1u,, ug.,
« « » 2are the points on the-.real axis of the prplaném
that transform to the.vertices of the I ; X, is a con-
stant; A‘.is the point in the p-plane that goes into

L S

zZ =wj; and A is the conjusgate of A. The vertex of ﬁEb_

1 tnet corresponds "to "p'w ® 1ig not considered in ox-—
pression (6). In accordance with equation (5) and condi=~
tion (b), it is clear that A = i. Also, vy synmetry, if
is permissidle to choose -u,; =.uy =a, =uz =1uz =", '
and ug = &, <Correspondin® points in the =z~ and the p=

planecs arc shown in figures 8 and 9. ZEquation (6) thus
becomes :

S L

. ap / (P +

which integrates to
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PV p? - at p./a 3+1+./p

z = K; B ' + X, 0 log
p? + 1 p./a® + 1 J P
V
(8)
. s .
11+ b
where B = = = -
2 1 4+ a®
G 1 a2 - a% % 2p2
4 (1 + .'3,3)3/3

Equation (8) contains six arbitrary consbtanits; a, b, and
the real and the ime3Iinary parts of K; -=and EK,. .fTheso
constants aro svaluated as follows:

The coefficient € of the lozarithm tvrm!pust
be zero in order that 2z be single valued. By this

condition,

p? = —2 - (s)

The cocefficiont B now becomes a function only
of a:

The point of-intersection of the 1 1s placed at the
orizin of the z-plane by putting z = 0 for p = F A,
By this condltion, )

K8=O
Equation (8) has, at this noint, beon simplified %o

the Torm
K ,),B - a2, . - N
1 Py DE a8 zf (i0)

z = 2
2 + a pa+1 -

A eudbstitution for p from oquation (5) <ives

/TI_;_g+1 2 A - a2 .
"+ 2 G—-—-—~+ ae>_§+1 (11)

_L
4 2 + a L

[ —

.‘
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from which the value of K; is determinod by the condition
that 1imn 2z = {:

(— o
4 (2 + a®

K, = ——————
1+ oa

The parametor K,; is tius roal aund positive, and the ori-
ontation of the L is accordingly as shown in figure 10.

A substitution for K, ir equations (10) and (11)
givos .

2 a -

4 »p° - a o -
z = - 2YE (12)
/1+a2 P+ 1
- o
_E:‘__=_§____l /§a+a<l_—_?‘_3>§+1 (13)
¢ 1 + &
or, wita
n oo L= a®
1+a2
z=—§L-E——JZJ§a+2m t+ 1 (14)
‘Finally, m must be determined so that the _l_ _
will have the specified pronortions. The leangth D (cor-

responding to thé semispan of the horizontal fail) is

found by substitutins D

a
b = =

N 2 + aa

in equation (12).

The length H (corresponding to the span of the vertical
tail) is found by substituting p = o

D=1=-m (a)

E=2J/2 (1 + m) (be (15)
r = E o 2 (3 + m) (c)

2D 1l -m :

FIPEREVISPE T —

—y

3
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Prom equation (15¢), m mav be found in termes of r: .
. : ’ ” [
0 - v® + 1-,/1 + 4r° _ .
. 2 .

Thus, as r variés from o +o o (infinite end plate %o
no end plate), m varies from -1 to 1. All the parameters .
of equation (8) have nocw been determiwmed.

The unit circle . { = aie becomes, by equation (14),

ie .
z = E”*I%—é vgiBB + 2m 318 + 1
o o - -
=2 /2 cos g'vf;os 6 +m (18) .
which relates points on the unit-cifcle to polnts on the- o,

A Corresponding points of the two figures are shown in
figures 10 and 11, The stagunatlon pointe of the vertlcal
flow past the circle (6 = E) transform, by equation

(18), to 2z = 2 J m, correspondinﬂ to two coincidsnt
points on the real axis for m >0 (r > /2) and to two
.srumetrically situated points on the imaginary axis for
m <0 r'<~r— the more usual case ).

Zhe potential function of the flow.— The potential .

function of the verticallr upward flow past the circle
with unit velocity is

-er 1 Ve (8- 7) | ‘

For pvoints on the circle

& = 2 sin 9 (17) -
¥V =0
Equations (16) and (17) suffice to determine the velocity _ N

Potentiol on the _|_ . . ) n _
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The Aerodynamic Forces on the Tail Surfaces

Derivatlon of the span load distrivution.- As has

been mentioned, the *L. of figure 2 represents the trail-

ing vortex sheet of a tail group. The potential function
Just discussed corresponds to the induced flow about the
vortex sheet when the induced velocity of the sheet itself
is unity. The following enleculations will be made for )
this case of unit induced velocity bvehind a tall of dimen-
slons H, D; the final results, however, will be given
for any induced velocity w and any tail dimensions h, 4.

The circulation per unit length (spanwise) of the
tralling vortex sheet at a point (x, 0) 4ie the differ-
ence Detwoen the velocities on tae upper .and the lower
surfaces at that point, i.e.,

-G, - @)

where the subscripts 1 and 2 refer to tke upper and
the lower surfaces of the sheet, respectively. The bound
circulation I' a% the corresponding poin%t on the vertical
tall equals the %total circulation in the trailing vovriex
sheet between this point (x, 0) and the tip (H 0)
i.elg-

T = , | . ' H
I'(x) = P'Yd.x~ /‘f@'—?\- 3 T ax = 0 & )
D= fve= G, -G =) -t
X X - TixX p.o
or ' . P(x) = &, (x) - @, (%) (18)
since .9y (B) = @5 (H)

The bound 01rculatlon at a point (O, _y)”_on the horizon-
tal tail is siven by a corresvonding expression. Equa-
tions (18), (17), and (15) suffice to determire the span—

wlse distrloutlon of ecirculation on the vertical tail.

Load distributions have been caleculated for various
values of r and are given in figures 12 and 13. The
curves for the verticpl-tail surface have zero slope at
x =0, since x =0 (cos § =~ m) is a stagnation point

C

-
o

Ly

Lo

Y n...-'.h.l'n

’

i ke
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of the potential flow where (a¢> ( and, there-—

fore, Y = a . 0.
ax . :
It will be observed that figures 12 and 13 have non~
dimensional coordinates and apply to tails of arditrarwv
dimensions and arbitrary induced wake velocity.

The total forces.- The total 1ift forces on the hori-
" zontal and tae vertical surfaces are proportional to the
intesgrals of I'  across the respective spans.’ For the
vertical tail surface, -

. B E . bod . |
/P_ T(x) dx = /“ (&, - &,) ax = 2 /“ o, dx
1.-0 './o H -_Jo

15}
o/ 2@ 4x - ;g
o [n
€1 .
where 0, = cos * (-m), €62 = O,  and the intesgration 1is

along the are of the unit circle from 6; to 68p. The .
velocity potential &; is ziven bv equation (17) and

ax (- 42 i .
a5 d8> 1s obtained from equation (16)

There results finally
q T
S . -
/’ T dx =7 (1 + m) (3 - m) (199

0

Similarlv, for the 1ntevra1 of .I' on one-half the horl-
zontal tall_ surface,

/ "B am+ 22 (1 - m)

/ T'dy = % (3 = m) (1L + m) log T+
. g : m

(1 +.m2;4j2:(1 - m) - (20}
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The moment, about the point of intersection, of the
1ift on the vertlical tail is preportional %o '

" H

J/n.px dx = 2‘/n ¥ (z) z dz L __"-_ _
A J 5 § —
-4 _
= %? (1 -~ m?) + 4 (1L + m) [ezo.&:'.“1 (fm) + mV1 _IQE]

(21)

Similarliy, for the moment of the 1lift on the horizontal
tall,

D o - .

3/a i ) .

2 /p Tydy = %f (L~ @) + 4(1+nm) {cos—l(-m) + m«/l-ma]
) _ L |

o

-:i'l;

~ 47 (1l+m) (22)

toM

In expressions (21) and (22), cos ~ (=n) is taken in the -
first or the second quadrant. The sum of these expres— s
sions corresponds to the resultant moment, . Ll

H D

/n Px dx + 2 /n I'ydy = ‘ L ;%zé

0 o e e iy

%? (l~ma)3/a + 8(1+m) {co§'1(~m) + mA/l-ma] -4 (1l+n) (25)-
. L -

The foregoing relations hold for the case of unit
normal 1nduced velocity and tail dimensions H and D.
General formulas, anplicadble %o tails of arbdbitrary dimen-
sions h and 4 and arvitrary induced-wake velocity w,
are obtained from these relations by multiplying D the
proper factors and substituting from equations (15
Thus from equation (19),

Iy, =P Vw (%)a_w (1 + n) (3 = n)
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or ' Iy pv 23 <v) (&)

Similarly,

1 a(w l+m (B=m)+2 2(1 ) / _ ’
Ldag— PV <Qda (l_—mTE [(G—m) logg T 2(1~m) (b)

=;—~PV ()h [Af—(l-m) ﬁ—coe-1m+m«/lnm] | (e)

2/2 (1 + m)

Mg =%’-pv2 <‘—vv>d3 [g-g- Qti)s/-a +8 (i“;')m (ma/l - - cos 1 m)] (a)

272 /2 malem® ~cos™lm £ w ] (e)
pv (>h[ (1-m ¥ 21 + m) 52 2(1+m) 4

M= %‘-pva (5)@ {%’i @%j’/ + J_L(f 1:’;‘3[ A/1—m ~cos™? JL————-—?:S??) (ip

The ratio w/V that avpears in these oxpressions will %be
discussed in the following goction.
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The limiting forms of these equations for the forces
and the moments as the ratio of vertical tail span to hor-~
izontal tail span approaches zero or infinity are of in-
terest. Thus, for finite &, ' o

. . . "-y' . .
. 1 2. 8 w 1 2.2 7w [/w —
1lim Iq. == PV h (—) 1i Ly, == p¥V h = (ﬂ)
h > P T = m h .3 P 2 \T/eo
r—> 0 T
lim Ly = o . 1im Lz =0 .
*r—>0 ’ T —» '
lim ¥y, = =-pvn® = (Z)- lim M, == pv2n® = (=
SO 3 \y 4 2 4 v
r—0 . e T— e
1im Md = o lim My = ]
r—0 r—»o -
where
@S G-
v a v -3
o . . Zo n
[¢] —2—° -+ Ter o 5 + 5 A

In the preceding expressions for w/VL“ A, and A

correspond to semielliptical apd elliptical chord distri-
butions, respectively, as will be shown later. . -

The normal induced velocity and éffécfive'asgédt
ratio.— Inasmuch as w/2V is the induced angle at the
vertical-tail surface, T - - T

_ - -
CLh = 8g (90 - g}) : - {25)

Division of'equations (242) by % szSh gives

]
_Elvé'_. - ] :
Cry = % VS, (8 = m) o (26)

Eliminating Cp, from equations (25) and (26) gives
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v _ ghat-Thet-1 : (27).
a - . -
Vo o20,T Dk (z_.n), —
2 4 s, .

Substituting for w/2Y in equation (25) gives the slope
of the 1ift curve:

C1.- a
a = Efg =a, |1 - h; (28)
° ™ h _
8, * 3 5 (3 n)
Now, for a plain elliptical airfoil (referesnce 6),
a )
a = a, \1 - —_ (29)

r
a, ¥“A%

Comparison of equations (28) and (29) zives 2 value for
the effective aspect ratio ¢of the vertical taill surfaco:

2
- -
A, = 25, (3 m)
er
e 8- | (30)

A 2

Values of =  and A /A nave been plotted against r in
figure 14. PFor 'r —> o (no end plate), mn—>1, the
effective aspect ratio is the actual aspect ratio, and the
verticel tail-lord distribution is elliptical. For r—0
(infinite end plate), m—= -1, the effective aspect
ratio is twice the actunl aspect ratio, and the verticol-
tail-lood distribution is semielliptical.

Chord distribution.~ The chord distridutiom of the

idealized tail-surface combination is related ta the de-
rived span load distribution by the equation

v .
P = 'c"?"u"—o (q'o - CCi)

Because both %, and o3 are constant along the span
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of the vertical .tail, its chord distribution nmust be pro-
vortional to its load distribution. Thus, the curves of
figure 12 indicate not only the load but also the chord
distributions. It will be seen from thoe figure that., for
valucs of r 1ying in the useful working range v < 1,
the vertical-%tail chord distributions approxinate closely
to the semielliptical. This fact justifios tue comvari-
son of results obtained by ‘this method with those of part
I (in which the vertical-tail chord distridbutions were
chosen to be semielliptical). ~ For the horizontal tail,
both o, and o3 are.zsro; honce its chord must be infi-
nite. . o

COMPARISON OF THX TWO METHODS "

A comparison of results obtained by the two methods
is given in figures 5 and 15. It appears that the implied .
infinite~chord horizontal tail for tkhe cordition of nini~ = 77
mun induced drag introduces an excessive end-nlate offecth.
Thus for the tail group of figure 15, the indicated values
of CLh, GLd, and A /A are about 10 percent, 100 pef—____

cent, and 30 percent higher, rospectively, than tho values
obtained by the lifting-linec-equation method. T

. That the usual method of calculating end~plate effechs
is consideradly in error in the present instance is evi-~ ]
dent. It may be noted, however, in figure 5, that fthe rel- -
ative error decreases with increasing r, +that is, with
decreasing span of the end plate. The natter is of inter- s
est with regard to the theoretical studies of twln tails :
(references 1 and 2). fThe relative span of the end plates
(the yertical tails in this case) is so small that the er-
ror incurred in using the minimum induced-drag method to
determine the increased effectiveness of thae horizontal o
tail may well be reglisidle. : TR

Langley Mcmorial Aeronaukical Laboratory, _ :
National Advisory Committee for Aeronautics, o
Langley Field, Va., Decemdber 30, 1940, - =
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Figs. 8,9,10,11
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